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Production of axial-vector mesons at e+e− collisions with
double-tagging as a way to constrain the axial meson LbL contribution
to muon g-2 and/or hyperfine splitting of muonic hydrogen
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Abstract
We calculate cross sections for production of axial-vector f1(1285) mesons for double-tagged
measurements of the e+e− → e+e− f1(1285) reaction. Different γ∗γ∗ → f1(1285) vertices from
the literature are used. Both integrated cross section as well as differential distributions are cal-
culated. Predictions for a potential measurement at Belle II are presented. Quite different results
are obtained for the different vertices proposed in the literature. Future measurements at e+e−
colliders could test and/or constrain the γ∗γ∗ → f1(a1, f ′1) vertices and associated form factors,
known to be important ingredients for calculating contributions to anomalous magnetic moment
of muon and hyperfine splitting of levels of muonic atoms.
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I. INTRODUCTION
The coupling of neutral mesons to two photons is an important ingredient of mesonic
physics. In Ref.[1] tensorial coupling was discussed for different types of mesons (pseu-
doscalar, scalar, axial-vector and tensor). In general, the amplitudes can be expressed in
terms of functions of photon virtualities often called transition form factors. They were
tested in details for pseudoscalar mesons (π0, η, η′). Recently there was discussion how
to calculate such objects for peseudoscalar [2] and scalar [3] quarkonia.
The axial vector mesons and in particular their coupling to photons [4] are very impor-
tant in the context of their contribution to anomalous magnetic moment of muon [5–8].
The anomalous magnetic moment of muon is one of the most fundamental quantities
in particle physics [9]. A first calculation of QED corrections to anomalous magnetic mo-
ment was performed long ago [10]. Recent state of art can be found e.g. in [9]. The current
precision of QED calculation is so high that hadronic contributions to muon anomalous
moment must be included. The so-called light-by-light (LbL) contributions are very im-
portant but rather uncertain. The coupling γ∗γ∗ → f1(1285) is one of the most uncertain
ingredients. Different couplings have been suggested in the literature.
Recently the contribution of the γ∗γ∗ → f1(1285) coupling was identified and in-
cluded in calculating hyperfine splitting of levels of muonic hydrogen, and turned out to
be quite sizeable [11]. These are rather fundamental problems and better contraints on
γ∗γ∗ coupling are badly needed.
In calculating δa
f1
µ one often writes:
δa
f1
µ =
∫
dQ21dQ
2
2 ρ
f1
µ (Q
2
1,Q
2
2) , (1.1)
where ρ
f1
µ (Q
2
1,Q
2
2) is the density of the f1 contribution to the muon anomalous magnetic
moment. The integrand of 1.1 (called often density for brevity) peaks at Q21,Q
2
2 ∼ 0.5
GeV2 and gives almost negligible contribution for Q21,Q
2
2 > 1.5 GeV
2.
The γ∗γ∗ f1(1285) coupling can be also quite important for hyperfine splitting of lev-
els of muonic hydrogen [11]. It is also very important to calculate rare decays such as
f1(1285) → e+e− [12, 13]. There both space-like and time-like photons enter correspond-
ing loop integral(s) so one tests both regions simultaneously. The corresponding branch-
ing fraction is very small (BF ∼ 10−8). The same loop integral enters the production of
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FIG. 1: Possible tests of the γ∗γ∗ → AV vertex in the (Q21,Q22) space: contribution to g − 2,
hyperfine splitting of muonic hydrogen, EIC, f1 → e+e− or e+e− → f1 and DT in e+e− collisions
discussed in the present paper in extent.
f1 in electron-positron annihilation [12, 13]. There is already a first evidence of such a
process from the SND collaboration at VEPP-2000 [14]. The f1(1285) was also observed
in γp → f1(1285)p reaction by the CLAS collaboration [15]. The experimental results do
not agree with theoretical predictions [16–18].
Fig.1 illustrates how different regions of the vertex functions are tested in different
processes. The square (0,Q20)x(0,Q
2
0) close to the origin shows the region where the
dominant contributions to g − 2 comes from. The square (Q20,∞)x(Q20,∞) marked in
red represents the region which can be tested in double-tagging experiments. The short
diagonal (Q21 = Q
2
2) line represents region important for hyperfine splitting of levels
of muonic hydrogen. The narrow strips along the x and y axis shows a possibility to
study production of f1(1285) in e + A collisions at EIC. Marked is also region of photon
virtualities which contributes to f1 → e+e− or to the production of f1(1285) in e+e−
annihilation.
In the present paper we suggest how to limit the behaviour of the γ∗γ∗ → f1(1285)
coupling(s) 1 at somewhat larger photon virtualities accessible at double-tagged e+e− →
1 The same is true for other axial-vector (a1, f
′
1)mesons.
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e+e− f1(1285)measurements, where typically Q21,Q
2
2 > Q
2
0 = 2 GeV
2.
II. SOME DETAILS OF THEMODEL CALCULATIONS
Fig.2 shows the Feynman diagram for axial-vector meson production in e+e− colli-
sions. The small circle in the middle represent the γ∗γ∗ → AV vertex tested in double-
tagging experiment.
A. γ∗γ∗ → f1(1285) vertices
In the formalism presented e.g. in [4] the covariant matrix element for γ∗γ∗ →
f1(1285) is written as: where
Rµ,ν = −gµν + 1
X
[
(q1q˙2)
(
q
µ
1 q
ν
2 + q
µ
2q
ν
1
)− q21qµ2qν2 − q22qµ1qν1] (2.1)
where
X = (q1q˙2)− q21q22 =
M4f
4
(
1+
2(q21t + q
2
2t)
M2f
+
(q21t − q22t)2
M4f
)
. (2.2)
DKMMR2019 vertex
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e−
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′
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FIG. 2: The generic diagram for e+e− → e+e−AV and kinematical variables used in this paper.
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In Ref.[11] the vertex was written as:
T
µν
α = 4παemǫρστα
{
Rµρ(q1, q2)R
νσ(q1, q2)(q1 − q2)νF0(q21, q22)
+ Rνρ(q1, q2)
(
q
µ
1 −
q21
ν
q
µ
2
)
qσ1q
τ
2F
(1)(q21, q
2
2)
+ Rµρ(q1, q2)
(
qν2 −
q22
ν
qν1
)
qσ2q
τ
1F
(1)(q22, q
2
1)
}
. (2.3)
In the nonrelativistic model
F(0)(0, 0) = −F(1)(0, 0) . (2.4)
We use the normalization of form factors
F(0)(0, 0) = 0.266 GeV−2 . (2.5)
In [11] the vertex was supplemented by the following factorized dipole form factor
FDKMMR(Q
2
1,Q
2
2) =
Λ4D
(Λ4D + Q
2
1)
2
Λ4D
(Λ4D + Q
2
2)
2
. (2.6)
The ΛD ≈ 1 GeV was suggested as being consistent with the L3 collaboration data [22].
OPV2018 vertex
In Ref.[6] the vertex function for γ∗γ∗ → f1 was constructed based on an analysis
of the f1(1285) → ρ0γ decay and vector meson dominance picture. The corresponding
vertex for two-photon coupling there reads
Tµνα = iCOPV
{
ǫµνσα(q1,σ((q1q2) + 2q
2
1)− q2,σ((q1q2) + 2q22))
+ ǫρσναq2,ρq1,σ(q2 + 2q1)
µ
+ ǫρσµαq1,ρq2,σ(q1 + 2q2)
ν
}
. (2.7)
Above
COPV =
5αemgρ
36πM2f
. (2.8)
The value of gρ is explicitly given in [6]. We supplemented this vertex with one common
for all terms form factor of the VDM type:
F(Q21,Q
2
2) =
M2V
M2V + Q
2
1
M2V
M2V + Q
2
2
. (2.9)
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consistent with the philosophy there.
LR2019 vertex
Finally we consider also the vertex used very recently in [8]. In this approach the
vertex is
Tµνρ ∝ ǫαβρσ
{
(q21δ
µ
α − q1,αqµ1 )δνβA(Q21,Q22)
−(q22δνβ − q2,βqν2)δναA(Q22,Q21)
}
. (2.10)
The normalization was also given there. It was pointed out that the A(Q21,Q
2
2) function
does not need to be symmetric under exchange of Q21 and Q
2
2. Actually asymmetric form
factors calculated from the hard wall and Sakai-Sugimoto models were used there. In our
evalution here we will use instead symmetric form factors as specified in the subsection
below.
RS2019 vertex
In Ref.[7] a vertex based on RχT approach was considered. In this approach one gets:
Tµνα = e2FRS(q1, q2)
{
iǫµταρq1,ρ(q
ν
2q2,τ − gντq22)− iǫνταρq2.ρ(qµ1 q1,τ − gµτq21) (2.11)
+iǫµνρσq1,ρq2,σ(q
α
1 − qα2)} .
Above we have denoted:
FRS(q1, q2) =
2cA
MA
(q21 − q22)
(q21 − M2V)(q22 − M2V)
. (2.12)
The cA is defined in [7]. MV ≈ mρ ≈ mω = 0.8 GeV. The reader is asked to note vanishing
of FRS at Q
2
1 = Q
2
2. This, as will be discussed below, has important consequences for the
double tagged measurements.
In actual calculation of the cross sections for e+e− → e+e− f1 we shall omit the last
term in (2.12) which leads to a violation of Bose symmetry.
MR2019 vertex
In Ref.[13] the following vertex was used (we change a bit notation to be consistent
with our previous formulae)
Tµνα =
i
m2f1
ǫµνρσ
{
F(q21, q
2
2)q2ρq1,σ(q1 − q2)α
−q22G(q21, q22)δαρq1,σ + q21G(q21, q22)δαρq2,σ
}
(2.13)
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to the production of f1(1285) in the e
+e− annihilation. Since in this case both space-like
and time-like virtualities enter the calculation of the relevant matrix element the form
factors had to be generalized. In [13] the form factors were parametrized in the spirit of
vector meson dominance approach as:
G(q21, q
2
2) =
g2M
5
f
q(q21 −m2ρ + imρΓρ)(q22 −m2ρ + imρΓρ)
, (2.14)
F(q21, q
2
2) =
g1M
3
f (q
2
2 − q21)
q(q21 −m2ρ + imρΓρ)(q22 −m2ρ + imρΓρ)
. (2.15)
One can see the characteristic ρ meson propagators. The F(q21, q
2
2) form factor is asym-
metric with respect to q21 and q
2
2 exchange to assure Bose symmetry of the amplitude. An
extra q in the denominator was attached to the VDM-like vertex to assure “correct” be-
haviour of the form factors at large photon virtualities [1]. Of course, it is not obvious
that such a correction should enter in the multiplicative manner. The coupling constant
g2 = (2.9± 0.4) · 10−4 (2.16)
was found in [13]. It was allowed in [13] for g2 to be complex. It was argue that |g1| ∼ g2
to describe the first e+e− → f1(1285) data from VEPP-2000 [14]. We shall show in this
paper how important is the interference of both terms in the DT case.
General remarks
All correct formulation of the γ∗γ∗ → f1(1285) must fulfill at least two general re-
quirements:
• Gauge invariance requires:
q1µT
µνα = q2νT
µνα = 0 , (2.17)
• Landau-Yang theorem [20] requires:
Tµνα → 0 when q21 → 0 and q22 → 0 . (2.18)
B. Form factors
Some of the F(Q21,Q
2
2) form factors can be constraint from the so-called decay width
into transverse and longitudinal photon, some are poorly know as they can not be ob-
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tained as they do not enter the formula for the radiative decay width. The radiative
decay width is known [19] and is
Γ˜γγ = 3.5 keV . (2.19)
Then some of the form factors are parametrized as:
F(Q21,Q
2
2) =
(
Λ2M
Q21 + Q
2
2 + Λ
2
M
)
, (2.20)
F(Q21,Q
2
2) =
(
Λ2D
Q21 + Q
2
2 + Λ
2
D
)2
. (2.21)
Both monopole and dipole parametrizations of form factors will be used in the following.
In general, the form factors in Eqs.(2.10) do not need to be symmetric with respect
to Q21 and Q
2
2 exchange [8]. For example in Ref.[8] asymmetric form factor A(Q
2
1,Q
2
2)
obtained in Hard Wall and Sakai-Sugimoto models were used to calculate contribution
to anomalous magnetic moment of muon. Here we shall take a more phenomenological
approach and try to parametrize the form factors in terms of simple functional forms
motivated by physical arguments such as vector dominance model or asymptotic pQCD
behaviour of transition form factors (see e.g. [21]).
C. e+e− → e+e− f1 reaction
The amplitude for the e+e− → e+e− f1 reaction (see Fig.2) in high-energy approxima-
tion can be written as:
Mα = e (pa + p1)µ1
(
igµ1ν1
t1
)
Tν1ν2αγ∗γ∗→ f1e (pb + p2)
µ2
(
igµ2ν2
t2
)
. (2.22)
Above e2 = 4παem. The four-momenta are defined in Fig.2. The Tν1ν2α vertex function re-
sponsible for the γ∗γ∗ → f1 coupling was discussed in detail in the previous subsection.
The square of the matrix element, summed over polarizations of f1, can be obtained
as:
|M|2 = ∑
α1,α2
Mα1Mα2Pα1α2(p f1) , (2.23)
where P is spin-projection operator for spin-1 massive particle:
Pα1α2 = −gα1 ,α2 +
pα1 pα2
M2f1
. (2.24)
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The cross section for the 3-body reaction e+e− → e+e− f1(1285) can be written as
dσ =
1
2s
|M|2 · d 3PS . (2.25)
The three-body phase space volume element reads
d3PS =
d3p′1
2E′1(2π)3
d3p′2
2E′2(2π)3
d3PM
2EM(2π)3
· (2π)4δ4(p1 + p2 − p′1 − p′2 − PM) . (2.26)
The phase-space has four independent kinematical variables. In our calculation we
integrate over ξ1 = log10(p1t), ξ2 = log10(p1t), azimuthal angle between electron and
positron and rapidity of the produced axial-vector meson. Here p1t and p2t are transverse
momenta of outgoing electron and positron.
III. NUMERICAL PREDICTIONS
A. Low Q21, Q
2
2 region
In Fig.3 we show results in a two-dimensional space (ξ1, ξ2). Quite large cross sections
are obtained. In addition the different models of couplings lead to very different results.
We do not get integrable cross sections for some of the couplings.
In Fig.4 we show distributions in (t1, t2) (four-momenta squared of the virtual photons
shown in Fig.2). Clearly some couplings generate enhanced cross section at small t1, t2.
Clearly those different vertices lead to different cross sections even for very small
photon virtualities where the cross section is relatively large. Could one measure in-
clusive cross section for production of axial-vector meson without tagging ? Is then
γ∗γ∗ → f1(1285) the dominant mechanism ? If yes, such measurements would ver-
ify the different vertices used in calculating δaµ (axial-vector meson contribution to aµ).
Small Q21 and Q
2
2 means small transverse momenta of f1(1285). Can one then identify
f1(1285). Which channel is the best ? This requires further Monte Carlo studies. The
resonant e+e− → f1(1285) production is very small [13] and important only at resonance
energies (
√
s ∼ m f1). We are not aware about other competitive reaction mechanisms in
e+e− collisions.
In general, one observes a strong enhancement of the e+e− → e+e− f1(1285) cross
section at Q21,Q
2
2 → 0 which is dictated by the singular behaviour of photon propagators
9
FIG. 3: Distributions in ξ1 and xi2 for
√
s = 10.5 GeV. Here the OPV, NQM, LR and RS vertices
were used.
in (2.22). To illustrate and explore the effect of Landau-Yang vanishing of Tµνα vertex
function for γ∗γ∗ → f1 in Fig.5 we plot the following quantity:
ΩLY(Q
2
1,Q
2
2) =
Q41Q
4
2
M40M
4
0
dσ(Q21,Q
2
2)
dQ21dQ
2
2
. (3.1)
The arbitrary scale M0 is chosen to be M0 = 1 GeV in the following.
One can clearly see vanishing of the special quantity (3.1) at Q21 → 0 and Q22 → 0
which reflects Landau-Yang theorem. Slightly different approach patterns to zero can be
observed for the different couplings. For the RS coupling we observe deep valley arround
Q21 = Q
2
2 which is a direct consequence of the specific form factor used there. In this case
ΩLY is much smaller than for other vertices in the limited range of Q
2
1 and Q
2
2 shown in
the figure.
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FIG. 4: Distributions in t1 and t2 for
√
s = 10.5 GeV. Here the OPV, NQM, LR and RS vertices were
used.
B. Double-tagging case
In Table 1 we show integrated cross sections in nb for different couplings discussed in
the previous section. Quite different values are obtained with different couplings which
show huge uncertainties in our predictions. Surprisingly small cross sections are ob-
tained with the MR2019 couplings. Therefore we show also contributions of individual
terms. They give contributions of similar order of magnitude.
The results are also strongly dependent on the form factor used in the calculation
which is discussed below. In Table 2 we show integrated cross section for a simple LR2019
coupling [8] supplemented by the pQCD or factorized dipole form factor with different
values of the form factor parameter Λ. The results dramatically depend on the value of
Λ. In addition for the same Λ the pQCD and factorized dipole Ansa¨tze give cross section
11
FIG. 5: A two-dimensional maps of the special quantity ΩLY for
√
s = 10.5 GeV. Here the OPV (left
upper), NQM (right uppar), LR (left lower) and RS (right lower) vertices were used.
TABLE I: Integrated cross section in nb for the double-tagging case with Q21,Q
2
2 > 2GeV
2.
vertex cross section comment
LR 0.2757(-03) fact. dipole, Λ = 1 GeV
OPV 0.3685(-03) pQCD dipole, Λ = M f1
NQM 0.7823(-04) factorized dipole Λ = 1 GeV
RS 0.2903(-02) asymmetric form factor, Λ = 0.8 GeV
MR + 0.1731E-06 symmetric and asymmetric form factors
MR - 0.2964E-06 symmetric and asymmetric form factors
MR first 0.1373E-06 asymmetric form factors
MR second 0.9742E-07 symmetric form factor
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TABLE II: Integrated cross section in nb for e+e− → e+e− f1(1285) at
√
s = 10.5 GeV for the vertex
used in [8]. We present results for different values of form factor parameter.
pQCD dipole Λ (GeV) σ (nb) factorized dipole Λ (GeV) σ (nb)
0.8 0.1791(-2) 0.8 0.1717(-4)
1.0 0.8945(-2) 1.0 0.2757(-3)
1.2 0.3147(-1) 1.2 0.2173(-2)
for double tagged case differing by an order of magnitude. In contrast for single tagged
case they give almost the same result.
Now we wish to show several differential distributions for the double-tagged mode.
In Fig.6 we show distributions in rapidity and transverse momentum of f1(1285), t1 or
t2, azimuthal angle between outgoing electrons, averaged virtuality
Q2a = (Q
2
1 + Q
2
2)/2 (3.2)
and the asymmetry parameter
ω =
Q21− Q22
Q21 + Q
2
2
. (3.3)
Quite different distributions are obtained for the different vertices used recently in the
literature. Especially interesting are distribution in relative azimuthal angle between out-
going electrons and distribution in virtuality asymmetry. For the RS2019 vertex [7] the
vanishing of the cross section for ω = 0 is a consequence of the asymmetric form fac-
tor which goes to 0 for Q21 = Q
2
2. With the RS2019 vertex axial vector mesons do not
contribute to the hyperfine splitting of muonic atoms. It is obvious that the DT measure-
ments of distributions shown in Fig.6 would provide strong limitations on the vertices
used in calculating fundamental quantities such as muon anomalous magnetic moment
aµ and/or hyperfine splitting of muonic hydrogen.
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FIG. 6: Several distributions for production of f1(1285) in double-tagging mode with Q
2
1,Q
2
2 >
2GeV2. The solid line is for LS, the dahed line for NQM, the doted line for OPV and the dash-
dotted line for RS vertices.
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IV. CONCLUSIONS
In this paper the results of calculations of cross sections and differential distributions
for the e+e− → e+e− f1(1285) have been performed using different γ∗γ∗ → f1(1285)
couplings known from the literature. These couplings were used previously to calcu-
late hadronic light-by-light axial meson contributions to anomalous magnetic moment of
muon as well as for hyperfine splitting of the muon hydrogen.
We have presented predictions relevant for future double-tagged experiments for Belle
II. The results strongly depend on the details of calculation (type of tensorial coupling
and/or form factors used). The form factor cannot be reliably calculated at present. We
have presented several diferential distributions in photon virtualities, transverse momen-
tum of f1(1285), distribution in azimuthal angle between outgoing electron and positron.
The results strongly depend on details of the coupling(s). The double tagged measure-
ment would therefore be very valueable to constrain the couplings and form factors and
in a consequence would help to decrease uncertainties of their contribution to anomalous
magnetic moment of muon and hyperfine splitting of muonic hydrogen.
Both ηπ+π− (as in [22]) as well as π+π−π+π− (used recently at the LHC [23]) chan-
nels could be applied experimentaly to identify the f1(1285) meson.
In the present paper we concentrated on production of f1(1285) meson. A similar
analysis could be performed for other axial-vector mesons such as a1(1260) or f1(1420).
Then coupling constants and some form factors must be changed in the calculation.
On the experimental side, decay channels specific for a given meson must be selected.
The production of isoscalar axial-vector mesons is very interesting also in the context
of central exclusive processes pp → pp f1. There the unknown ingredient is pomeron-
pomeron- f1 vertex. This will be discussed elsewhere [24].
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